Abstract: This article presents designing two dual-band absorbers based on graphene metasurfaces for terahertz frequencies. The absorbers are composed of one-and two-dimensional (2D) arrays of ribbons and disks deposited on a dielectric film terminated by a metallic back reflector. The design is based on the excitation of the graphene-plasmon polaritons (GPPs) of the patterned array of graphene elements in each resonant band. The analytical circuit model is used to derive the closed-form relations for the geometrical parameters of the absorber and the properties of the graphene. In the circuit model, the graphene patterned array appears as a surface admittance including infinite parallel branches composed of the R-L-C series circuit in which each branch is equivalent to a GPP of the patterned array. Our purpose is the design based on exciting two first GPPs, so we employed two parallel branches including the R-L-C series circuit in the circuit model. The results obtained by the analytical solution are compared to the simulations carried out by HFSS. The agreement between results obtained by HFSS and the circuit model is very good. However, the drawback of full wave simulators is that they are very time-consuming.
Introduction
Surface plasmon polaritons (SPPs), the eigenmodes of an interface between a dielectric and metal with strong interaction between light and free electrons, have attracted considerable attention in the past decades [1] [2] [3] . They allow overcoming the diffraction limit to focus light into deepsubwavelength volumes with huge field enhancements [2, 3] . Plasmonics with fascinating properties has provided promising applications in switches [4, 5] , demultiplexers [6, 7] , and photovoltaics [8, 9] based on noble metals in the visible or near-infrared regimes where the noble metals support SPPs. However, the plasmonic devices based on noble metals are constrained because of some their limitations such as poor confinement, the difficulty in controlling their permittivity functions, and high material losses, especially in terahertz (THz) frequencies.
With the discovery of graphene, new knowledge and opportunities have emerged in the field of optoelectronics and photonics devices in the mid-infrared and THz regions [10, 11] . Graphene, a one-atom-thick sheet of carbon atoms, has appeared as a novel platform due to its considerable electrical and optical properties, such as high thermal conductivity [11] , Gate-variable optical conductivity [12] , controllable plasmonic properties [13] and high-speed operation [14] . Such as noble metals, it is discovered that graphene can be considered as a promising candidate for plasmonic devices. However, in comparison to surface plasmon polaritons in noble metals [15] , graphene-plasmon polaritons (GPPs) display strong confinement and relatively longer propagation distance, with the ability in controlling its plasmonic properties electrically or chemically [16] [17] [18] . These extraordinary features make graphene a promising material for many applications in optical modulators [19] [20] [21] , sensors [22] [23] [24] [25] [26] , and absorbers [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Recently extensive studies are done on the graphene-based absorbers as broadband, multiband, and resonant absorbers [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . Solar energy harvesting [41, 42] , refractive index sensors [43] , microbolometers [44] , thermal imaging [45] , thermal IR emitters [46] , bio-sensing are some promising applications of absorbers.
In this paper, the patterned array of graphene as onedimensional ribbons and two-dimensional disks are used to design dual-band absorbers. In our previous works [39, 40] , we used the graphene and metallic patterned arrays to achieve dual-band absorbers by exciting the fundamental GPPs at both bands. In the present paper, the geometrical parameters and graphene properties (the chemical potential and the relaxation time of graphene) are designed in this way that dual-band absorbers can be realized by exciting different GPPs [33] at each resonant frequency. Furthermore, the resonant bands of the proposed absorbers are very narrow band in comparison to our previous work [39, 40] and also, the absorption values between two bands is nearly zero.
We propose a circuit model [47] [48] [49] for the proposed devices to extract the parameters of the absorber in the closed-form. Furthermore, the analyze using the analytical circuit model is very fast while the simulation done by the full-wave simulator is very time-consuming. We demonstrate that the absorbers with different resonant frequencies can be designed by the proper design of the geometrical parameters or the properties of graphene. Furthermore, the main advantage of our proposed absorber compared to other works [27] is the simplicity of the structure.
The paper is organized as follows: In Sec. 2, we design a dual-band absorber based on an array of graphene ribbons. The design is done by the analytical circuit model equivalent to the proposed absorber. We extract the closed 2 form relations for the absorber parameters by exciting two first GPPs of the array of graphene ribbons. Some numerical examples are investigated in this section. In Sec. 3, dualband absorber is developed based on an array of graphene disks. The design procedure is similar to the approach presented in Sec. 2. Some examples are studied in this section. Finally, conclusions are drawn in Sec.4.
Dual-band absorber based on the array of graphene ribbons
Graphene patterned arrays support the GraphenePlasmon Polariton at terahertz frequency. Therefore, it is one of the best materials for designing THz-wave devices [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . The graphene-based devices can be tunable due to the controllable property of the conductivity surface of the graphene. One of the plasmonic devices based on graphene is absorber. Because of the controllable plasmonic properties of graphene, one can adjust the resonance frequencies of the graphene-based absorbers by the Fermi level adjusting of graphene without need to change the geometrical parameters of the structure.
Most absorbers are commonly composed of three layers: a metamaterial deposited on a dielectric film terminated by a metallic back reflector. The top metamaterial layer contains patterned arrays of one-dimensional or two-dimensional subwavelength elements. To prevent the wave transmission, the thickness of the bottom metal film should be thick enough.
The absorption is calculated as
are the transmission and reflection coefficients, respectively. Since the bottom metal film avoids the penetration of the electromagnetic waves into the structure, the transmission coefficient would be close to zero. Hence, the absorption is calculated as
For the development of EM absorber in the low terahertz regime, many have used the graphene-based patterned arrays as a top metamaterial layer in a Salisbury absorber. In this paper, two dual-band absorbers based on the array of graphene ribbons and disks are designed. The absorbers are realized by exciting the GPPs in the graphene patterned arrays.
In [47] and [48] , the graphene-plasmon polaritons are surveyed in the arrays of graphene ribbons and disks, respectively. In these papers, the eigenvalues and eigenfunctions corresponding to the GPPs are analytically extracted. In the present paper, we design the geometrical parameters of the absorber and the properties of graphene to excite the first and second GPPs to achieve a dual-band absorber with absorption near to one. The results obtained by analytical solutions are compared to those obtained by simulation carried out by HFSS. At the first step, we survey the absorber based on the one-dimensional array of ribbons. At the second step, the results related to the twodimensional array of disks are investigated. The most important advantage of these absorbers is their simplicity.
Suppose the configuration of the absorber as shown in Fig. 1 . The structure includes three layers as: the top layer of the graphene ribbon array, the middle layer of the dielectric film and the bottom layer as a thick enough metallic film.
The width of ribbons is w which periodically arranged along the x-direction with the period L . The surface conductivity of graphene [48] is given by:
Where e is the electron charge, E F denotes the Fermi level, ħ refers to the reduced Plank constant, B k represents the
shows the angular frequency, T = 300 K is the temperature, and  is the relaxation time. The surface conductivity of graphene contains intraband conductivity (first term in (1)) and interband conductivity (the second term in (1)). Suppose the proposed absorber illuminated by a TM polarized plane wave. The equivalent circuit model for the absorber plotted in Fig.1 is demonstrated in Fig. 2(a) . In this circuit, the ribbon array illuminated by a normally incident plane wave can be modeled by a surface admittance [47] as:
in which ) (x n  and n q are the n'th normalized eigenfunction and eigenvalue corresponding to n'th the resonant modes excited by the array of the ribbons. The eigenfunctions and eigenvalues have been calculated in [47] .
. It is worth to describe that the even modes don't appear in (2) , since the values of n S are zero for even modes. The surface admittance presented in (2) can be considered as the parallel branches composed of the R-L-C series circuit corresponding to each GPPs shown as 
in which the values of n R , n L and n C are calculated as:
In this paper, our aim is the design of the geometrical parameters and graphene properties to excite two first GPPs. Therefore 1  n and 3  n are appeared in (2) . The eigenfunctions corresponding to these modes are calculated as: where the corresponding eigenvalues are specified in Table. II of [47] for different filling factor ( L w / ).
In the equivalent circuit model (Fig. 2 (a) ), 
Our purpose is designing a dual-band absorber by exciting the GPPs at each band. Therefore, the input admittance of the absorber can be written as:
For the first band (lower frequencies), the second term of the right side in (8) can be omitted for the input admittance. Hence, we have
But, however, it is necessary to consider the surface admittance of the first GPPs at the second band:
To design a dual-band absorber, we consider the below conditions at the second band:
We define the parameter  in the following. At appropriately low frequencies (where the inter-band term of conductivity is dominant) and for
of the Drude form:
The values of R, L, and C are obtained as:
Therefore, (11) leads to: Hence, according to (11) , the input admittance of the second band (10) would be as: Therefore, the parameter of  prepares the absorption above 95% at the second band. Now, we impose the conditions to achieve perfect absorption at first frequency: So, the ratio of the first resonant frequency to the second one is constant and can be extracted as:
To design a dual-band absorber, we consider a specified value for the second band frequency ( 2  ). Using (18) , (23) and (21), we determine the proper value for the parameter of  , the first resonant frequency and the relaxation time of graphene. Note that 1 r and 3 r in (18) should be specified, therefore it is necessary to consider a given value for filling factor ( L w / ). After computing the relaxation time of graphene, the Fermi level can be extracted using (14.b). At the end, the width of ribbons and period are respectively computed by (15.a) and the specified value for the filling factor. It is worth to describe that there are limitations for selecting the Fermi level (0-1 eV). Furthermore, the relation between the relaxation time and the Fermi level can be described as In the following, the parameters of the structure are designed to achieve the dual-band absorbers. We want to design the absorbers with the second resonant frequency as Table. II of [47] ). Fig.3 shows the absorption spectra for the designed absorbers. The result obtained the analytical model is compared with the result obtained by full-wave simulations (HFSS), which are in a good agreement. For full-wave simulations conducted by HFSS, graphene is modeled by a layer of thickness
. As observed, the proposed absorbers are very narrow band at both bands. Now, we survey the power loss density distributions at two absorption bands. Fig. 4 (a) and (b) show the loss distributions on ribbons at first and second resonant frequencies, respectively. It is clear two first GPPs are excited at resonant frequencies. Of course, the GPP at second resonant frequency corresponds to the third eigenfunction in the array of the ribbons. At first band, the loss distribution is focused at the center of the ribbon and decrease at the sides of the ribbons. For the second band as shown in Fig. 4(b) , the loss concentrations would be at areas around three points (the center and two sides of the center). Note that the loss distributions are uniform in the 3 . Absorption spectra of the absorber based on graphene with parameters presented in Table. I.
(a) (b) Fig. 4 The loss density distributions on the graphene ribbon at resonant frequencies. (a) first and (b) second resonant band.
In the next step, the influence of the Fermi level changes is investigated as plotted in Fig. 5 . The results absorbance firstly increases and then decrease when the values of the Fermi level increases. However, changing the absorption peak of the first band is significant. around three points (the center and two sides of the center).
at the loss distributions are uniform in the y-direction. Table. 1.
The proposed absorber is applicable for TM polarization.
Since the array of the ribbons is inductive for TE polarization and due to the fact that the grounded dielectric slab below array is also inductive in the whole the input impedance will be inductive, and thus resonance conditions cannot be expected. Therefore the proposed absorb sensitive to polarization. To realize the absorber insensitive to polarization, it is necessary to use patterned array. For normal incident EM structure is symmetric, the absorber would be insensitive to polarization. In the next section, the absorber based on graphene disks array is investigated. absorber based on graphene disks is wide angle and polarization insensitive.
Dual-band absorber based on graphene disks
In this section, we study the absorber based on graphene disks. Let us consider an array of graphene disks placed on a dielectric slab terminated by a back re Fig. 6 . The periods of the structure in the are L and the radius of the graphene disk is The circuit model equivalent to the proposed absorber is demonstrated in Fig. 2 in which the surface admittance equivalent to the array of disks is analytically computed as [48] : of the Fermi level changes on the absorption spectra he proposed absorber is applicable for TM polarization.
ribbons is inductive for TE polarization and due to the fact that the grounded dielectric slab below array is also inductive in the whole the input impedance will be inductive, and thus resonance conditions be expected. Therefore the proposed absorber is sensitive to polarization. To realize the absorber insensitive , it is necessary to use the two-dimensional . For normal incident EM waves, because its structure is symmetric, the absorber would be insensitive to section, the absorber based on graphene disks array is investigated. We demonstrate the absorber based on graphene disks is wide angle and absorber based on the array of we study the absorber based on graphene Let us consider an array of graphene disks placed on a inated by a back reflector as illustrated in . The periods of the structure in the x-and y-directions the graphene disk is a. The circuit model equivalent to the proposed absorber is demonstrated in Fig. 2 in which the surface admittance s is analytically computed as The surface admittance presented in (24) can be considered as the parallel branches composed of the R circuit (see Fig. 2(b) ) corresponding to each G The values of n R , n L and n C are calculated as: . For a specified value of the parameter  , the frequency of the first band and the relaxation tim graphene are computed by (29) and (30) . However, it is necessary to survey below condition to achieve the absorption above 95% at the second band:
S is the surface of a disk. 
For a specified value of the parameter , the frequency of the first band and the relaxation time of graphene are computed by (29) and (30) . However, it is necessary to survey below condition to achieve the 
In the following, we design the parameters of an absorber realize a dual-band absorber based on an example, suppose the second band occur the geometrical parameters of the absorber would be as: m a ption spectra for the Fermi level range eV. It can be observed that the first resonant frequency is slightly shifted to higher frequencies the variations of its changes of the significant while its absorption peak slightly decreases and for the range between raphene disks at both resonant based proposed absorber for To survey the influence of incident angle on the absorption properties of the proposed absorbe absorption spectra for different incident angle as plotted in Fig. 9 . It can be observed, for the incident angle both resonant frequencies with absorption level above 90% remain for both TE and TM polarizations. polarization, the first resonant band keeps a great absorption level for all incident angles but the absorption level decrease for the second band with increasing the incident angle. For TE polarization, the absorption level of the first band gradually decreases when the incident however the second band keeps a great absorption level for all incident angles.
(a) (b) Fig. 9 Absorption spectra of the graphene-based absorber incident angle and frequency for (a) TM and (b) TE
Conclusion
In the current study, dual-band absorbers ribbons and disks deposited above a grounded dielectric slab have been designed for low terahertz regimes. was using exciting two first GPPs to achieve two ab bands. The circuit models including two the R-L-C series circuits describing these G used to analytically design the proposed absorber. We obtained the closed form relations for geometrical parameters and properties of graphene. distributions at each resonance showed that excited at each resonant band. The results
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To survey the influence of incident angle on the absorption properties of the proposed absorber, we simulate the dent angle as plotted in . It can be observed, for the incident angle below 40, both resonant frequencies with absorption level above 90% remain for both TE and TM polarizations. For TM ation, the first resonant band keeps a great absorption level for all incident angles but the absorption level decrease for the second band with increasing the incident angle. For TE polarization, the absorption level of the first band incident angle increases but keeps a great absorption level for based absorber as function of (a) TM and (b) TE polarizations.
band absorbers based on graphene ribbons and disks deposited above a grounded dielectric slab for low terahertz regimes. The design was using exciting two first GPPs to achieve two absorption two parallel branches of C series circuits describing these GPPs have been ly design the proposed absorber. We obtained the closed form relations for geometrical es of graphene. The loss distributions at each resonance showed that a GPP has been excited at each resonant band. The results indicated that the 8 resonant bands of the proposed absorber are adjustable by changing the geometrical parameters and The Fermi level. In addition, it had been demonstrate the absorber based on graphene disks is polarization insensitive and wide angle. Furthermore, the resonant bands of the proposed absorbers were very narrow band.
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